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This paper has two Sections and you should attempt both Sections. Please read carefully
the instructions given at the beginning of each Section.

Calculators may be used in this examination but any programming, graph plotting or al-
gebraic facility may not be used. Please state on your answer book the name and type of
machine used.

You are reminded of the following, which you may use without proof.

In orthogonal curvilinear coordinates (u;, ug,u3), with corresponding unit vectors
€1, €3, e3 and arc-length parameters hi, ho, hs, the gradent of a scalar field f is given by
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The divergence of a vector field
F = Fie, + Fyey + Fiesis given by
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and the curl of the same vector field is given by
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In spherical polar coordinates (u1, uz,us) = (1,0, @), the arc-length parameters are
h1 = 1, h2 =T, h3 = rsiné.

In cylindrical polar coordinates (ui,us,us) = (r,0, 2), the arc-length parameters are
h1=1,h2=7‘,h3=1.
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SECTION A Each question carries 8 marks. You should attempt ALL ques-
tions.

Al. In Cartesian coordinates (z,v, z), evaluate at the point (2,3,5)
(a) Vﬂ (b) V-F, () VxF, (d) V2,
where f =232 + y?and F = yzti + 2yj + z22k.
A2. Evaluate the integral fc F.dr where F = 24% + 522j + 3z%k and Cis a path going
from (0,0, 0) to (15,9,27) and is described in parametric form as

C: r = 5ti + t%j + 3tk

A3. Prove that (a) V-(rxa) =0and (b) Vx(rxa) = —2a, where r is the position vector
and a is a constant vector.

A4. For each of the following vector fields F, either find the general solution ¢ satisfying
F = V¢, or show that no such ¢ exists, '

(a) F = 2% + 9% + zk, (b) F = zi + y?%)j + zk.
A5. Show that the following are solutions of Laplace’s equation V2 f=V-Vf =0:
(a) f = 3logr + 5rcosf , (b) f =72(3cos?6 — 1),
where (a) is in cylindrical polar coordinates and (b) is in spherical polar coordinates.
A6. Sketch a few representative streamlines for the following velocity fields:
(a) u=ygi+2zj, (b)u= (siny)i.
In each case, determine whether the flow is incompressible (V - u = 0) and whether it

is irrotational (Vxu = 0).

AT. Vector fields B and A (representing a magnetic field and its vector potential, respec-
tively) are related by B = Vx A. Suppose that, in cylindrical polar coordinates,

2

A = B, <r— 1;9) sin g e,

in the region r > 7o and zero in the region r < ro (By and ry being constants).
Evaluate B in both regions. Is B continuous across the surface r = rg?




SECTION B Each question carries 22 marks. You may attempt all questions
but only marks for the best 2 questions will be counted.

B1.

B2.

Consider Laplace’s equation V2V = 0 in the case where V is a function of Cartesian
coordinates z and y only. Find all possible separable solutions of the form V(z,y) =
X(z)Y (y). Find the function V(z,y) satisfying V2V = 0 in the region

0<zr<?2 O0O<y<l,

subject to the boundary conditions V' = sin(7y) along £ = 2 and V = 0 on the other
three sides.

State Stokes’ Theorem.

Evaluate

/VxA-ndS
S

for

A =yi+ zj + yk

and the surface S given by

2>0, 22 + 2 + 22 =4

(a) by direct integration

and

(b) by using Stokes’ Theorem.

You may find the following expressions for x, y, z in spherical polar coordinates
helpful:

x = rsinfcosd, y = rsinfsing, z = rcosd.
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B3. By using the method of Frobenius, look for the series solution of

in the form

Show that ¢ must be equal to 0 or 1, and for each value of ¢ find a recursion relation
for the coefficients a,,.

What is the radius of convergence of each of the two solutions?

In the case of ¢ = 1, find explicitly the first four non-zero terms of the power series
solution.

B4. A vector field u with the property that u = ¢ Vxu, where ¢ is a constant, is called a
Beltrami field.

(a) Show that a Beltrami field is solenoidal (i.e. V -u = 0).

(b) Show that the curl of a Beltrami field is a Beltrami field.

(c) Suppose that Beltrami field u has the form (siny, f, g) where f and g are functions of
Cartesian coordinates z, y, z but g does not depend on z. Find the functions f and
g and all possible values of the constant c.
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